We propose an explicit construction for the integrable models on Poisson submanifolds of the Lie groups. The integrals of motion are computed in cluster variables via the Lax map. This generalized construction for the co-extended loop groups allows to formulate, in general terms, some new classes of integrable models.
Introduction
This is a review and announcement of some results, mostly obtained in collaboration with Fock 1-3 and yet unpublished. The relation between integrable systems and Lie groups has many different faces (see e.g. Ref. 4 ), but following the old proposal of Ref. 1 , an integrable model can be directly constructed on Poisson submanifold in Lie group. Integrability in this case follows from the existence of the Ad-invariant functions on group manifold. Going further, it has been found 2 that this idea can be extended to affine Lie groups and gives rise to a nontrivial wide class of integrable models, 3 which has been alternatively discovered in Ref. 5 as arising from the dimer models on bipartite graphs on a torus. These results are partially intersecting and complementary with Refs. 6-8 and 11, while Refs. 9, 10 and 12 include related work to the subject of this paper.
For the canonical Poisson structure on simple Lie group G, one immediately obtains rank G Ad-invariant and, therefore, mutually Poisson-commuting functions. Restricting them to a symplectic leaf of dimension 2 · rank G, we obtain a completely integrable system, which turns to be equivalent 1 to relativistic nonperiodic Toda chain. 13 An effective way to construct the corresponding Poisson submanifold implies using the cluster coordinates on Lie groups. [14] [15] [16] [17] The cluster language allows to generalize the old proposal of Ref. 1 to the case of loop groups and periodic Toda model, requiring the corresponding loop group to be co-extended. 2 This also opens an opportunity to go far beyond this simple relation between Lie groups and integrable system that we started with and to develop a new class of integrable models starting with cluster varieties, 3 which is also important from the point of view of relation with geometry and physics.
Poisson Brackets and r-Matrices
Let g be the Lie algebra of a simple group G, r ∈ g ⊗ g, the standard solution to the (modified) classical Yang-Baxter equation, which defines a Poisson bracket on the group G by
compatible with the group multiplication. The Poisson bracket (2.1) is degenerate on the whole group, but can be restricted to any symplectic leaf of G. A Lie group G can be decomposed into the set of Poisson submanifolds G u (see e.g. Ref. 17 ), labeled by u ∈ W × W , where W is the Weyl group of G. The dimension of submanifold G u is l(u) + rank G, where l(u) is the length of the word u, which consists of the generators of the Weyl group W (identified with the set Π of the positive simple roots of G), and the generators of the second copy of W (identified with the set of negative simple rootsΠ). It is more convenient to consider similar decomposition of the factor G/Ad H over the Cartan subgroup H ⊂ G, where the dimensions of the corresponding symplectic leaves in the factor are just the lengths l(u) themselves.
Following Ref. 17 , one can construct a parametrization of G u /Ad H, such that the Poisson bracket (2.1) becomes logarithmically constant: for any reduced decomposition u = α i1 · · · α i l , consider the "Lax map"
For the group SL(N ) on the right-hand side, one can just substitute the matrices (i = 1, . . . , N − 1) where the last line in diagonal H i (z) with z = 1 and the only line in E i containing the off-diagonal unity have number i. For negative i, the corresponding matrix is just transposed to the matrix of positive root, i.e. Eī = E −i = E tr i . More strictly, the matrix H i (z) ∈ P GL(N ) should be normalized for the SL(N ) group as
1/N and, therefore, will depend always on the fractional powers z k/N . The Poisson brackets (2.1) on the parameters z I is log-constant, i.e.
where ε IJ is a skew-symmetric matrix taking integral or half-integral values, and playing the role of the exchange matrix (if the group G is simply-laced, e.g. SL(N )) for the corresponding cluster variety. [14] [15] [16] All formulas for symplectic leaves in G/Ad H can be read from a graph Γ ∨ with the oriented edges. For the Poisson submanifolds in G/Ad H, one just needs to turn to the graphs on a cylinder instead of a plane. As already pointed out, among all G u , of particular interest are the cells, corresponding to the Coxeter elements of W with l(u) = 2 · rank G.
For the loop groupsĜ, one gets infinitely many Ad-invariant functions, but they still possess finite-dimensional Poisson submanifolds, thus providing naturally to construction of wider classes of integrable models.
2 However, since the Cartan matrices for affine groups are noninvertible, for the cluster construction one has to use instead the co-extended version of loop group G ♯ , see Ref. 18 .
The co-extended affine SL(N ) ♯ can be identified 2,3 with the group
of expressions A(λ)T z , where
and A(λ) is a Laurent polynomial with values in N × N matrices. Its generators have the form (i ∈ Z N )
For i = 0, each corresponding root generator just coincides with (2.3), while each Cartan generator is multiplied by the shift operator. For i = 0, we have additionally
It is also useful to introduce the element Λ ∈ SL(N ) (up to normalization) with the property One can consider now arbitrarily long words, corresponding to the Poisson submanifolds in SL(N ) ♯ of arbitrary large dimensions. However, the space of Adinvariant functions is infinite only for SL(N ), but not for the co-extended group. Therefore, to get sufficiently many independent Ad-invariant functions, one has to consider similarly to (2.2) the Lax maps 11) where the parameters z I must satisfy 12) i.e. the "total" co-extension is trivial. It is easy to understand, that exchange graphs for symplectic leaves in SL(N ) and Poisson submanifolds in loop groups SL(N ) can be constructed by gluing the rhombi on a cylinder -for the simple group and on a torus -for the loop group case.
2 The graphs for SL(N ) would have N − 1 vertical levels (the corresponding upper and lower rhombi are cut into triangles) and glued in the horizontal direction, while the graphs for the Poisson submanifolds of the same dimension in SL(N ) would have one extra level (for the same N ) and will be periodic in vertical direction as well. This construction is illustrated by explicit examples below.
Integrable System
It is easy to see directly from (2.1) that any two Ad-invariant functions on G do Poisson-commute with each other. For example, in the simply-laced case, when the r-matrix is
(the sum is taken over the set of all positive roots of G), the Poisson bracket is given by
where for any v ∈ g, we denote by the functions are defined not on the whole G, but on any Poisson Ad-invariant subvariety of G. On a simple group, there exists rank G independent Ad-invariant functions: a possible basis of these functions is the set {H i }, where i ∈ Π (the set of simple positive roots)
and π µ i be the ith fundamental representation of G with the highest weight
These functions then define an integrable system on symplectic leaf of dimension 2 · rank G. It has been shown, 1 that they form a set of integrals of motion for the open relativistic Toda chain, 13 with the canonical Hamiltonian in the SL(N ) case
while a more well-known (nonrelativistic) Toda system is recovered in the limit from the Lie group to Lie algebra.
Simple group: Examples

SL(2).
On symplectic leaf of two-particle relativistic Toda, corresponding to the word u = α 1 α1, one can choose the following parametrization:
where
Expansion (3.5) (refinement of the Gauss decomposition) corresponds to the graph y → x ← y with three vertices and two edges. Identifying the ends, it turns into y ⇒ x, inducing the Poisson structure
The cluster variables are related to the Darboux coordinates by while the (only in this example) Hamiltonian is just
the canonical Hamiltonian (3.4) for the two-particle open system.
SL(3).
For the group SL(3), the formula (2.2) gives for the word u = α 1 α1α 2 α2
and the normalized Cartan elements are
The variables x, y are located in the vertices of the graph
, constructed from glued triangles (see Fig. 1 ) and satisfy the following Poisson bracket relations
with the Cartan matrix of g = sl 3
To get the integrals of motion, consider the characteristic polynomial for (3.10)
jk being inverse Cartan matrix, become two integrals of motion {H 1 , H 2 } = 0 for the Poisson bracket (3.13).
Cluster variables and SL(N ) chain
These examples suggest the generic formulas for G = SL(N ): product (2.2) becomes
with notations from (2.3), and the corresponding Poisson graph
xN−1 induces the bracket 18) with the g = sl N Cartan matrix. Computing the product in (3.17), one gets the Lax operator and its characteristic polynomial
generates rank SL(N ) = N − 1 nontrivial (H 0 = H N = 1 in the accepted normalization, and H 1 = Tr g −1 , H N −1 = Tr g) Poisson-commuting (with respect to the bracket (3.18)) integrals of motion {H i , H j } = 0, i, j = 1, . . . , N − 1, which are explicitly 20) where the polynomials
have all unit coefficients. The Darboux coordinates are related to the cluster variables by
with the "long momenta" (cf. with the canonical transformation used in Ref. 19 ) with the (N − 1)-vectors q, p being the canonical coordinate and momenta in the center-of-mass frame. Substituting (3.22) into the expression H = H 1 + H N −1 , one gets the canonical Toda Hamiltonian (3.4), where (in the open case -in contrast to the periodic chain to be considered below), one has to drop-off the square roots with α 0 and α N , i.e. just to replace 1 + exp(q 0 − q 1 ) and 1 + exp(q N − q N +1 ) by unities.
Loop group SL(N ) and N-periodic chain
The proposed approach works not only for the finite-dimensional Lie groups.
2
It is almost obvious, that to get the periodic Toda chain, one should consider decomposition (2.11) for loop groups, containing extra affine simple root, i.e.
At the level of Lie algebras this gives rise to spectral-parameter dependent Lax matrix in the evaluation representation of the corresponding affine algebra. For relativistic Toda instead, using cluster formulation of the co-extended loop group SL(N ) ♯ , we construct a Poisson submanifold in SL(N )/Ad H, but fixing the spectral parameter becomes a nontrivial issue. The detailed discussion of this problem is postponed for another paper, but the prescription giving the correct result for trivial total co-extension (2.12) is presented below. For the group SL(N ) ♯ , the (normalized to unit determinant) product (2.2) for the word u = j∈ZN α jᾱj can be written as
Here, the new variables z νj , j ∈ Z N , are introduced by z j = z νj /z νj+1 . Let us rewrite (3.24) in the following way: 25) where ≃ means equality modulo cyclic permutation, and here clearly Now, all the factors under the product on the right-hand side of (3.25) do not contain shift operators, since (3.27) and .28) i.e. on the right-hand side of (3.25) we obtained a product of matrices in the evaluation representation of SL(N ). Hence, starting initially with the co-extended loop group SL(N ) ♯ , which has cluster description, we have found a way to construct explicitly the Poisson submanifold in SL(N )/Ad H in terms of the product of the SL(N )-valued factors only. The weight-variables in (3.28) can be explicitly defined as
Finally, 30) where the matrix g N (x, y), was constructed in (3.17) for the open chain. By the standard rules, the Poisson brackets coming from the graph Γ ∨ on the torus 
can be rewritten in standard form of the relativistic Toda spectral curve equation (see e.g. Refs. 29-31) 
with respect to the bracket (3.18), and the canonical Hamiltonian of the integrable system is still given by (3.4), where the terms with α 0 = α N are no longer dropped off. The Darboux coordinates are introduced again by the transformation
valid for the extended set of roots, and now instead of (3.23) one gets
where the canonical transformation is again generated by di-logarithm functions.
Example of SL(2).
One just takes the map (2.11) of the word 0011 into SL(2)/Ad H. The cluster parametrization can be read from the graph ⇓ The structure of the Poisson brackets (3.38) and (3.39) is encoded in the degenerate Cartan matrix of g = sl 2 , and product C = xx 0 = 1 yy0 is the Casimir function. The only nontrivial integral of motion in this example
is the Hamiltonian of the periodic two-particle chain (3.4) upon
Example of SL(3). In this case, the characteristic polynomial (3.33), or the spectral curve equation (3.34) gives two nontrivial integrals of motion
Only the last terms on the right-hand sides of (3.42) (expressed via the Casimir C = x 0 x 1 x 2 = 1 y0y1y2 ) differ them from the Hamiltonians of nonperiodic chain (3.16).
Mutations and discrete flows
There are the discrete transformations, leaving invariant the Toda Hamiltonians, constructed as a sequence of mutations of the corresponding graphs. For (3.20) and (3.21), thesẽ
come from mutations of the graph
For example, the Hamiltonians (3.16) are invariant under the transformations
a In the dual variables x j = k b C jk k and y j = k a −C jk k they acquire the form of the discrete bilinear Hirota equations coming from similar mutations of the graph with the exchange matrix constructed fromĈ ij .
More Integrable Models
We have already pointed out that loop groups allow to construct much wider class of integrable systems. 2, 3 We shall demonstrate it here on few examples, starting from the well-known "dual" representation for the Toda chains.
2 × 2 formalism for relativistic Toda
The same graph ⇓ x y0 ⇐ ⇒ y x0 ⇑ for the SL(2) Toda system (when rotated clockwise, i.e.
) can be associated with another decomposition
where ≃ means as usually equality modulo cyclic permutation. Here,
For the SL(3) system, corresponding to the graph ⇓
y0 (i.e. glued with a vertical twist), one has to consider instead of (4.1) the three-product Ξ(x 0 , y 1 )Ξ(x 1 , y 2 )Ξ(x 2 , y 0 ), which is just a particular case of generic SL(N ) expression
It is more convenient to rewrite (4.4), in new variables so that the Poisson brackets (3.18) are induced by 6) and not to impose any restriction onto the products N j=1 ξ j and N j=1 η j . Similar to (3.36), the coordinates and momenta {q i , p j } = δ ij for (4.6) are introduced by
The product of Ξ-operators in (4.4), again up to cyclic permutation, can be rewritten as
where on the right-hand side of (4.8) one gets the product of the matrices (cf. with Refs. 20 and 24)
The dependence on dynamic variables arises by the Cartan conjugation of the matrices (4.3) in evaluation representation of SL(2) (see Fig. 3 ) and these L-operators obey the r-matrix Poisson relations
with the trigonometric classical r-matrix. The same commutation relation obviously holds for the monodromy matrices (4.8)
Therefore, the traces T N (λ) = Tr T N (λ), or the coefficients of the characteristic polynomial for the monodromy matrix Fig. 3 . Representation of the L-matrix from (4.9), which is a Cartan conjugation of (4.3) in the form of the twisted oriented plaquette.
Poisson-commute {T N (λ), T N (λ ′ )} = 0 with respect to (4.6), and produce
the family of N independent integrals of motion:
where on the right-hand side one finds the Hamiltonians (3.34), as functions of the cluster variables (4.5).
Integrable system for n = 3
For n = 3, similarly to (4.2), one starts with the product
of the elements of P GL ♯ (3), where we use the notations (2.7)-(2.9). These generators are labeled modulo 3, e.g. H −1 (z) = H 2 (z), etc. while the coordinates will be considered further as N -periodic, i.e. x i+N = x i , y i+N = y i , for an arbitrary N ≥ 3. The product Ξ(y i , x i ) · · · Ξ(y j , x j ) can be transformed by taking all the automorphisms Λ to the right: u = α 0ᾱ1 α 1ᾱ2 · · ·ᾱ j−i , and the corresponding graph Γ ∨ gives rise to the Poisson bracket
while all the other brackets vanish. Another useful representation for the same Poisson structure
comes after the substitution
The variables in (4.16) and (4.17) were already introduced in the context of integrable system, related to the pentagram map, 6,7,21-23 and we demonstrate now, that this is a generalized Toda system in the sense of our approach.
2,3
Consider now a generic factor in the product (4.14), using coordinates (4.18) and on the right-hand side or (4.19) we have presented explicitly all operators, depending on the variables {Y k , X k } at kth site. This can be further rewritten as
i.e. as a product of the matrices (instead of original operators (4.14) from P GL ♯ (3))
each corresponding to particular kth site. Using (4.19), (4.21) and the initial formula (4.15), up cyclic permutations, is equivalent to the product The characteristic polynomial for (4.23)
gives the spectral curve equation. The determinant of (4.23)
is proportional to a Casimir function for (4.17) and fixed to be unity in (4.24) . The coefficients of the polynomials C i (λ), i = 1, 2 in (4.24) are integrals of motion (and some of them are Casimirs in the even n cases), in which Poisson commutes according to our general reasoning from Sec. 2. The genus of the curve (4.24) is always 26) which can be easily seen from the corresponding Newton polygon in Fig. 4 . 27) with the Poisson commuting Hamiltonians (
, with respect to
In symmetric form, (4.24) can be rewritten as
and acquires the form of spectral curve (3.34) for the relativistic SL(3) Toda chain.
b Rewriting (4.28) in the cluster coordinates y i+3 = y i , x i+3 = x i , using
one comes back to the formulas (3.42). For N = 4, one gets from (4.24)
with K 2 (X) = X 1 X 3 + 1 X1X3 and the same for K 2 (Y), while where the right-hand sides are obtained by fixing K 2 (X) = K 2 (Y) = 2. These Hamiltonians do Poisson commute with respect to the same bracket (4.29), as in the N = 3 case. The spectral curve equation (4.25) turns to be
For N ≥ 5, these formulas give rise to integrable system, related with the pentagram map. 6, 7 Basically, (4.14) turns to be the spectral parameter dependent Lax matrix for this system, proposed in Ref. 23 by relating it to the co-extended loop group (another Lax representation was found in Refs. 9 and 11).
Discussion
We have demonstrated that relativistic Toda systems 13 naturally arise on Poisson submanifolds in Lie groups. Extension of the construction from simple Lie groups to the co-extended loop groups not only gives rise immediately to their periodic versions, but allows to consider much wider class of integrable models.
2, 3 We have discussed in previous section just few particular examples of them, whose phase spaces can be identified with the Poisson manifolds, obtained by regular gluing of two-dimensional square lattice.
The proposed construction of the Poisson submanifolds in loop groups gives rise their spectral curve equations and explicit formulas for the coefficients -the integrals of motion (corresponding usually to the internal points of their Newton polygons) in cluster variables. These formulas have similar structure with partition functions of the dimer models, and this is not a coincidence. There is indeed a direct relation between the class of integrable systems, coming from the dimer models on bipartite graphs on a torus, considered in Ref. 5 , and those constructed from affine Lie groups: for any convex Newton polygon, one can construct a wiring diagram on torus, and after cutting the torus -an element u ∈ (Ŵ ×Ŵ )
♯ from the coextended double Weyl group. 3 On the one hand, this gives a Poisson submanifold in the loop group, and an integrable system by the Lax map described above; on the other hand, each wiring diagram gives a bipartite graph on torus, so that the face dimer partition function produces the same integrals of motion as the coefficients of the spectral curve equation. Basically, it means that there are two promised explanations of the Poisson-commutativity:
• Newton polygon → wiring diagram → bipartite graph Γ → face dimer partition function S Γ → integrable system; • Newton polygon → wiring diagram → element u ∈ (Ŵ ×Ŵ ) ♯ → Poisson Γ ∨ -submanifold inĜ → "Lax map" → spectral curve → integrable system.
In the first case, the face dimer partition function S Γ = S Γ (λ, µ|x, y) gives the spectral curve equation, which coincides with that obtained from the Lax map with certain nonessential ambiguity. In the second case, a choice for the Weyl groupŴ , loop groupĜ and Lax map is not unique (depends on cutting of the torus), but always results in the same Poisson submanifold, described by Γ ∨ and gives rise to unique integrable system.
3
We have also left beyond the scope of these notes the quantum versions of our integrable models. It has been already noticed in Ref. 1 , that quantization of the Toda chain can be easily done within the proposed approach by passing from classical to quantum groups, since the problem is identical to the problem of deformation of the algebra of functions Fun(G) on group G. [25] [26] [27] [28] Let us point out, that in cluster language the quantization looks especially simple, since the Poisson brackets (2.4) are always logarithmically constant.
Finally let us point out that representatives of the family of integrable systems we consider in the paper have found many applications in mathematical physics, in particular, being responsible for the Seiberg-Witten exact solutions to the theories with explicitly present compact extra dimensions. [29] [30] [31] We expect a nontrivial relation between the cluster approach to these integrable models and recently widely discussed cluster mutations, arising as transformations of the BPS-spectra under the "wall-crossing" (see e.g. Refs. [32] [33] [34] . We are going to return to these issues elsewhere.
